Mathematical Statistician and Engineering Applications
I|SSN: 2094-0343
2326-9865

Bipolar Valued Fuzzy d-ldeals of d-algebra

Mohana Rupa. SVD?, V. Lakshmi Prasannam?, Y. Bhargavi®

Research Scholar, Department of Mathematics,
Krishna University, Machilipatnam, Andhra Pradesh, India

2Professor & Head, Department of Mathematics,
P.B.Siddhartha College of Arts & Science,

Vijayawada, Andhra Pradesh, India

SDepartment Of Mathematics, Koneru Lakshmaiah Education Foundation
Vaddeswaram, Guntur, Andhra Pradesh, India-522502

Abstract: In this paper, we introduce and study the concept of bipolar fuzzy d-ideal of d-
algebra and we characterize bipolar fuzzy d-ideal to the crisp d-ideal. Further, we prove that
every bipolar fuzzy d-ideal is a bipolar fuzzy subalgebra and converse need not be. Also, we
prove that the homomorphic image and inverse image of a bipolar fuzzy d-ideal is a bipolar
fuzzy d-ideal.
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1. Introduction

The concept of fuzzy subsets of a set was introduced by Zadeh, L.A. [7] in 1965. After
that, there are several kinds of fuzzy set extensions in the fuzzy set theory, for example,
intuitionistic fuzzy sets, interval-valued fuzzy sets, vague sets, etc. In fuzzy sets the
membership degree of elements range over the interval [0,1]. In 1994, Zhang [8] introduced
the concept of bipolar-valued fuzzy sets which is an extension of fuzzy sets whose
membership degree range is enlarged from the interval [0, 1] to [-1, 1]. In a bipolar-valued
fuzzy set, the membership degree O means that the elements are irrelevant to the
corresponding property, the membership degree (0,1] indicates that elements somewhat
satisfy the property and the membership degree [-1,0) indicates that elements somewhat
satisfy the implicit counter-property.

Naggers, J. and Kim, H.S. [5] introduced and studied the concept of d-algebra, which is
another generalization of BCK-algebras and investigated relations between d-algebras and
BCK-algebras. Further, they discussed ideal theory in d-algebra. After that, they introduced
the concepts of fuzzy d-ideal in d-algebras. Recently, Mohana Rupa, SVD., Lakshmi
Prasannam, V. and Bhargavi, Y. [4] introduced and studied the concept of bipolar fuzzy d-
algebra. This paper is a sequel to our study.

In this paper, we introduce and study the concept of bipolar fuzzy d-ideal of d-algebra and
we characterize bipolar fuzzy d-ideal to the crisp d-ideal. Further, we prove that every bipolar
fuzzy d-ideal is a bipolar fuzzy subalgebra and converse need not be. Also, we prove that the
homomorphic image and inverse image of a bipolar fuzzy d-ideal is a bipolar fuzzy d-ideal.
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2. Preliminaries

In this section we recall some of the fundamental concepts and definitions, which are
necessary for this paper.
Definition 2.1[5]: A nonempty set X with a constant 0 and a binary operation = is called a d-
algebra, if for all x, y € X it satisfies the following axioms:
1. x x x 0
2.0 x x 0
3.xxy =0andy »x =0 = x =
Werefer x < yif and only if x xy = 0.

Y.

Definition 2.2[6]: Let I be a non-empty subset of a d-algebra X, then I is called d-ideal of X
if(i).x xy € landy €1, thenx €1
(ii).xelandy € X,thenx xy € I.

Definition 2.3[3]: Let X and Y be two d-algebras. A mapping f:X - Y is called a
homomorphism if f(x *y) = f(x) * f(y), forall x,y € X.

Definition 2.4[7]: Let X be a non-empty set. A fuzzy subset u of the set X is a mapping
u:X = [0,1].

Definition 2.5[8]: Let X be the universe of discourse. A bipolar-valued fuzzy set u in X is an
object having the form u = {x,u"(x),u*(x)/x € X}, where u~: X - [-1,0] and
pt: X — [0,1] are mappings.

For the sake of simplicity, we shall use the symbol u = (X;u~,u™) for the bipolar-valued
fuzzy set u = {x, u~ (x),u* (x)/x € X}, and use the notion of bipolar fuzzy sets instead of the
notion of bipolar-valued fuzzy sets.

Definition 2.6[8]: Let u = (X;u~,u™) be a bipolar fuzzy set and s x t € [-1,0] x [0, 1],
the sets uY ={x € X/u " (x) <s} and uf = {x € X/u*(x) =t} are called negative s-cut
and positive t-cut respectively. For s x t € [—1,0] X [0, 1], the set y(s ) = u nuf is called
(s,t)-setof u = (X;u~,u").

Definition 2.7[3]: Let f: X — Y be a homomorphism from a set X onto a set Y and let u =
(X; u~,u*) be a bipolar fuzzy set of X and 0 = (Y;07,0%) be two bipolar fuzzy set of Y,
then the homomorphic image f(u) of pis f(1) = ((f(W) , (f(w))*) defined as for all y €
Y
~ o) = max{u=()/x € fHONLIf fTHO) # @
(f(ll)) o) _{ 0, otherwise
and

*ooy = max{ut()/x € fHOYIf ) = 0
(f (M)) ) _{ 0, otherwise
The pre-image f (o) of o under f is a bipolar set defined as (f "1(¢)) " (x) = 0~ (f(x)) and

(f (o)t (x) = ot (f(x)), forall x € X.

Definition 2.8[3]: Let u be a fuzzy set of a d-algebra X. Then, u is said to be fuzzy d-ideal of
X if it satisfies forall x,y € X
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(0. pu(x) = min{u(x * y), u(y)}
@({0).ulx *y) = u(x)

3. Bipolar Fuzzy d-algebra

In this paper, we introduce and study the concept of bipolar fuzzy d-ideal of d-algebra and
we characterize bipolar fuzzy d-ideal to the crisp d-ideal. Further, we prove that every bipolar
fuzzy d-ideal is a bipolar fuzzy subalgebra and converse need not be. Also, we prove that the
homomorphic image and inverse image of a bipolar fuzzy d-ideal is a bipolar fuzzy d-ideal.

Throughout this section X stands for a d-algebra unless otherwise mentioned.

Now, we introduce the following.

Definition 3.1: A Bipolar fuzzy set u = (X; u~,u™) in X is called a bipolar fuzzy d-ideal if it
satisfies the following properties: for any x,y € X,

0. p~(x) < max{p~(x *y), u~ (¥)}

(D). p(xxy) < p (x)

(@id). p*(x) = min{u™ (x * y), ¥ (¥)}

(iv). u (x*xy) = p*(x)

Example 3.2: Consider a d-algebra X

Define a bipolar fuzzy se u = (X; u~, u*), where u=: X - [—1,0] and u*: X - [0,1] as

—0.7, if x=0 0.9, if x=0
u (x) =<-05, ifx=1and ut(x) =508, ifx=1
{—0.4, if x =2 {0.6, if x=2
Then u is a bipolar fuzzy d-ideal.

Proposition 3.3: If u = (X; u~, ") be a bipolar fuzzy d-ideal of X, then u~(0) < u~(x) and
ut(0) = u*(x), forallx € X.

Proof: Let x € X.
Now, u=(0) = p~(x*x) < pu~(x) and u*(0) = p* (x * x) = p* (x).

Lemma 3.4: Let u = (X; u~,u*) be a bipolar fuzzy d-ideal of X. If x x y < z, then u=(x) <
max{u~(y),u"(2)}and u* (x) = min{u*(y),u*(2)} forall x,y,z € X.

Proof: Letx,y,z € Xsuchthatx «y < z.

Then (x*y)*z =20

Now,  p~(x) <max{u™(x*y),u” (¥)} <max{max{u~ ((x*y)*2z),u"(2)}, 1~ )} =
max{max{u~(0),u” (2)},u” (¥)} = max{u~(2)},u” (y)} and

Also, pF () = minfu® (x * y), u™ ()} = min{min{u™ ((x *y) * z),u*(2)}, p* ()} =
min{min{u*(0), u™(2)}, u* (¥)} = min{u*(2)}, u* ()}.
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Lemma 3.5: Let u = (X; u~,ut) be a bipolar fuzzy d-ideal of X. If x <y, then u=(x) <
u-(y)and ut(x) = u*(y) forall x,y € X.

Proof: Let x,y € X suchthat x < y.

Thenx *y = 0.

Now, p~(x) < max{u™(x * y),u” ()} = max{u~(0),u~ ()} < u~ ).
Also, u* (x) = min{p™ (x * y), u* (¥)} = min{u"(0), u* ()} = 1™ ().

Theorem 3.6: Let u= (X;u~,u*) be a bipolar fuzzy d-ideal of X, then for any
X, X1,Xg, e, Xy €X such  that  (..((x*xq)*xy)*..xx,) =0 implies u (x)<
max{pu” (1), 4~ (x2), o, 0 (xp)} and p* (x) = min{u™ (xp), u¥ (x2), ..., ¥ (30}

Proof: Proof is clear by using lemma:3.4, 3.5 and induction on n.

Theorem 3.7: Every bipolar fuzzy d-ideal of X is a bipolar fuzzy subalgebra of X.
Proof: Let u = (X; u~,u™) be a bipolar fuzzy d-ideal

Then u™(x xy) < pu™(x) < max{u™(x *y),u” (¥)} < max{u™(x),u”(y)} and
pr(xxy) = pt(x) = minfu” (x * y), u* ()} = min{u’ (x), 1™ )}

Thus u is a bipolar fuzzy subalgebra of X.

But every bipolar fuzzy subalgebra is not a bipolar d-ideal.

Example 3.8: Consider a d-algebra X = {0, 1, 2,3} with the following Cayley table

101 2 3
0/0 0 O O
11 0 0 1
212 1 0 2
3/3 3 30
Define a bipolar fuzzy se u = (X; u~, u*)t, where u*: X - [0,1] and pu~: X - [—1,0] as

(%) = {—0-8, whenx = 0,1,3 and i+ (x) = {0.7, when x = 0,1,3
H | —=0.2, whenx # 0,2 H | 0.3, whenx =2

Thus u is a bipolar fuzzy subalgebra but not bipolar fuzzy d-ideal.

Theorem 3.9: A bipolar fuzzy set u = (X; u~, u*) is a bipolar fuzzy ideal of X if and only if
pu—and utare fuzzy d-ideals of X.

Proof: Suppose u = (X; u~,u") is a bipolar fuzzy d-ideal of X.

Letx,y € X.

Now, (D). 7~ () =1-p () =1-—max{u (x*y),u” (M} =min{l —p (x*y),1-
u~ ()} = min{i=(x * y), =)}

). p(x*xy)=1—p (x*xy) =21 —p (x) = p~ (x).

Thus u~ is a fuzzy d-ideal of X.

Clearly by definition u* is fuzzy d-ideal of X.

Conversely suppose that u=and u*are fuzzy d-ideals of X.

Letx,y € X.
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@O.p () =1-p () <1-min{fu~(x*y),p~ ()} =max{l —p~(x*y), 1 -~ ()} =
max{u~(x * y),u” (M}

@).p (x*xy)=1-p (x*xy) <1—-p (x) = p (x)

Thus u = (X; u~, u*) is a bipolar fuzzy d-ideal of X.

Theorem 3.10: A bipolar fuzzy set u = (X; u~, u*) of X is a bipolar fuzzy d-ideal of X if and
only if the level cuts are d-ideals of X i.e., forall s xt € [-1,0] X [0,1], @ # Y and @ #
uf are d-ideals of X.

Proof: Suppose u = (X; u~,u") is a bipolar fuzzy d-ideal.

Lets xt € [—1,0] x [0,1] such that uY¥ # @ and uf # 0.

(). Letg = h,h € ul.

That implies u=(g * h) < s,u"(h) <s.

Since u = (X; u~,u") is a bipolar fuzzy subalgebra, we have

p(g) <max{u=(g*h),p”(W}<s

=>geul.

(ii). Let g € pY and h € X.

That implies u=(g) <s.

Since u = (X; u~,u") is a bipolar fuzzy d-ideal, we have u=(g *h) < u=(g) <s.
= g*heuf

Thus uY is a d-ideal of X.

(iii). Also, let x xy,y € uf.

That implies u*(x *xy) = tand u*(y)} > t.

Since u = (X; u~,u") is a bipolar fuzzy d-ideal, we have

pr(x) = minfu™ (x xy),u* ()} = t.

= x € uf.

(iv). Letx € uf and y € X.

That implies u* (x) > t.

Since u = (X; u~,ut) is a bipolar fuzzy d-ideal, we have u*(x *y) > ut(x) > t.
=X *y € puf

Therefore uf is a d-ideal of X.

Thus uY and uf are d-ideals of X.

Conversely suppose that the level cuts uY and uf are d-ideals of X, forall s x t € [—1,0] X
[0,1].

Let x,y € X such that u=(x) > max{u=(x *xy),u"(y)}.

Take so = = (1~ (x) + max{u~(x * y), u~(»)}), where s € [1,0].
That implies max{u~(x * y), u=(y)} < sy <u~(x).

So,x*y,y € uy and x & pfl .

Which is a contradiction to uﬁ{) is a d-ideal.

Hence pu™(x) < max{u™(x *y),u” (M)}

Again let x,y € X such that u=(x *xy) > u=(x).

Take 5o = 5 (u™Cx = ), 1™ ().

That implies = (x *x y) < sy < u™ ().

So,x € andx *y & ul .

Which is a contradiction to M?f, is a d-ideal.

Hence u=(x xy) < u=(x)

Let x,y € X such that u*(x) < min{u*(x *y),u* ()}
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Take ty = %(;ﬁ(x) + min{ut(x * y),u"(y)}), where t, € [0, 1].
That implies u* (x) < to < min{u*(x *y),ut(y)}.

So,x *y,y € ui, and x & pf .

Which is a contradiction to llfo is a d-ideal.

Hence p*(x) = min{u™(x = y), u™(»)}

Again let x,y € X such that u*(x *y) < u*(x).

Take to =5 (u* (e ), 1+ ().

That implies ut(x xy) < to < u*(x).

So, x € puf, and x *y & uf, .

Which is a contradiction to llfo is ad-ideal. Hence u*(x*y) = u*(x)
Thus u = (X; u~,ut) of X is a bipolar fuzzy d-ideal of X.

Theorem 3.11: Let f be a homomorphism from a d-algebra X onto a d-algebra Y. Let o be a
bipolar fuzzy d-ideal of Y, then the pre-image f ~1(o) of ¢ is a bipolar fuzzy d-ideal of X.

Proof: Letx,y € X.
Now,
D.F o) () = (f(x))
< max{o™(f(x*y)),0~(f)}
= max{(f 1 (0))"(x *¥), (f (o))" (%)}
). (f 1) (x*y) =0 (f(x*y) <o~ (f(x)) = (f (o)™ (%)
(iiD). (f 1 (0)* (x) = a* (f (1))
> min{o*(f(x *¥)), 0+ (f(»))}
= min{(f (o))" (x * ), (f (o))" (%)}
(). (f 1) *(x*y) =t (f(x xy)) 2 o7 (f(x)) = (f ()" ().
Thus f (o) is a bipolar fuzzy d-ideal of X.

Theorem 3.12: Let f be a homomorphism from a d-algebra X onto a d-algebra Y. Let u be a
bipolar fuzzy d-ideal of X, then the homomorphic image f () of u is a bipolar fuzzy d-ideal
of Y.

Proof: Letx,y € Y.

Suppose neither £~1(x) nor f~1(y) is non-empty.

since f is homomorphism and so there exist a,b € X such that f(a) = x and f(b) = y it
followsthata xb € f~1(x * ).

Now,

. (F(W)” (x) = max{u~(2)/z € ()}
< max{max{u~(a * b), u~(b)}/a € f~1(x),b € f1(y)}
= max{max{u~(a * b)/a € f~1(x)}, max{u~(b)/ b € f ()}
= max{(f(w)) (x*y),(f(w) O}
(i) (f ()™ (x * y) = max{u™(2)/z € f~2(x * y)}
< max{u~(a*b)/a € f1(x), b€ fT1(¥)}
< max {4~ (@)} /a € f(x)}
=(fw)
(iid). (f (W) () = max{u(2)/z € F71(x)}
> max{min {g*(a * b), u*(b)} /a € f~1(x), b € f~1(»)}
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= min{max{u:(a xb)/a € f_i(x)}, max{u*(b)/ b € f1(y}}
= min{(f (W) (x*y), (f(W) )}
(). (f W) * (x * y) = max{u*(2)/z € f ' (x * y)}
> max{ut(axb)/a€ f1(x), bef 1)}
> max {u:(a)}/a € f1()}
=(fw) ™
Thus f () is a bipolar fuzzy d-ideal of Y.

References

[1]. Bhargavi.Y and Eswarlal. T, Fuzzy I-semirings, International Journal of Pure and
Applied Mathematics, 98(3) (2015), 339-349.

[2]. Bhargavi, Y. and Eswarlal, T., Vague Ideals and Normal Ideals in I'-semirings, Global
Journal of Pure and AppliedMathematics,11(1) (2015), 117-127.

[3]. Jun, Y.B., Neggers, J. and Kim, H.S., Fuzzy d-ideals of d-algebras, J. Fuzzy Math. 8(1)
(2000), 123-130.

[4]. Mohana Rupa, SVD., Lakshmi Prasannam, V. and Bhargavi, Y., Bipolar Valued Fuzzy d-
Algebra, Advances in Mathematics: Scientific Journal 9(9) (2020), 6799-6808

[5]. Neggers, J. and Kim, H.S., On d-algebra, Math. Slovaca. 49(1) (1999), 19-26.

[6]. Neggers, J., Jun, Y.B. and Kim, H.S., On d-ideals in d-algebras, Mathematica Slovaca.
49(3) (1999), 243-251.

[7]. Zadeh, L.A., Fuzzy sets, Information and Control, 8 (1965), 338-353.

[8]. ZHANG, W.R., Bipolar fuzzy sets, and relations: A computational framework for
cognitive modeling and multiagent decision analysis, Proceedings of the First International
Joint Conference of The North American Fuzzy Information Processing Society Biannual
Conference. The Industrial Fuzzy Control and Intellige, San Antonio, TX, USA, 1994, pp.
305-309, doi: 10.1109/1JCF.1994.375115.

Vol. 71 No. 4 (2022) 638
http://philstat.org.ph



	5.pdf (p.126-132)

